We consider a string in a space of canonical variables which are Weyl spinors with components in an infinite-dimensional split Clifford algebra. The Lorentz algebra for the quantum string is obtained from Poisson brackets in Clifford space and used to derive commutation relations for the Fourier modes of the open string. The Clifford algebra is augmented with the octonions through an R-algebra tensor product which generates a tendimensional Minkowski space. We apply the results of Manogue, Schray and Dray on octonionic Lorentz transformations to obtain a Lorentz invariant string action.
like the Hermitian adjoint in the algebra of creation and annihilation operators for fermions. In [2] we showed that any n × n Hermitian matrix H can be resolved into vectors in the generating space according to . The Lorentz metric is taken to be η µν = diag(1, −1, −1, −1) and the skewsymmetric spinor metric ǫ AB with components ǫ 12 = ǫ 12 = 1 is used to raise and lower two-valued spinor indices (capital letters) according to V A = ǫ AB V B , V B = V A ǫ AB . It follows that any set of n × n Hermitian matrices X µ , µ = 0, . . . , 3 can be resolved into vectors > C and their adjoints < C with components in the generating space of Cl(4n, 4n, R)
A unitary transformation
In [2] we described the string in Clifford space by the first order action
where the multi-momenta d * α
A can be understood as a Clifford momentum current density. φ is a scalar field which together with the metric h αβ is induced on the Clifford world sheet by the space-time Lorentz metric η µν 1 . The constants ℓ and m have the dimension of length and mass respectively. We use the convention that α, β, . . . refer to world sheet indices and µ, ν, . . . refer to space-time indices. The world sheet Lorentz metric η αβ is taken to be diag(1, −1). The equations of motion derived from (3) are
and in [2] we found the wave solutions for a flat world sheet.
1 The reason why a scalar field is induced together with the metric is that the inner products of the (complex) tangent vectors to the Clifford world sheet form a 2 × 2 complex Hermitian tensor. See [2] . Ai , i = 1 . . . , ∞ which all belong to the generating space of an infinite-dimensional split Clifford algebra and satisfy the equations of motion (4) . As a starting point, we assume that all inner products between different components vanish, so that the Hermitian matrices
Quantization and the Lorentz algebra
are diagonal and trivially commute with each other
Primed and unprimed matrices depend on τ ′ , σ ′ and τ, σ respectively. It follows that > C and < D α must obey the matrix form
of the equations of motion (4). The conserved SL(2.C) Noether current corresponding to the string action (3) is
which could also have been obtained directly from the equations of motion (7) . The system of equations (6), (7) and (8) is preserved by the global unitary transformations
which create off-diagonal entries in the matrices (5) and mix different solutions to the equations of motion (4). Conversely, if (6) and (7) hold, the components of > C and < D α can be transformed into an infinite set of solutions to (4) by diagonalizing the Hermitian matrices (5). This unitarily invariant system is the counterpart to the system of integral curves in the point particle model discussed in [2] .
The primary aim of quantization is to express the generators of the Lorentz group in terms of the canonical variables, so that the string may be viewed as a model of an elementary particle. This is not possible with the classical commutation relations (6), and they must therefore be replaced with commutation relations obtained from Poisson brackets in Clifford space. Let Γ be a space-like curve connecting two fixed points on the boundaries of the world sheet and let 
and we define their Poisson bracket as the 'Clifford bracket' [2]
Unprimed variables depend on u, and variables with a single prime or a double prime depend on u ′ and u ′′ respectively. From the SL(2.C) Noether current  β AB we obtain the world sheet scalars
= 0.
The quantization
translates these brackets into the covariant form
of the equal-time commutation relations. Integration with respect to u ′ and u ′′ produces the algebra
where J tot AB is the total SL(2.C) charge of the string. Since J β AB is a conserved current density, this charge is independent of the path of integration. When written in terms of the three-vector
(10) is seen to be the Lorentz algebra
In terms of the skew-symmetric tensor
it takes the usual form
The tensor form of the Lorentz algebra could also have been obtained directly from (10) by using the general equivalence between symmetric second rank spinors and skew-symmetric tensors with Hermitian components:
The Fourier modes of the open string
We consider a free open string with a flat world sheet (Λ = 0) and use a parametrization in which h αβ = η αβ . To find the wave solutions to the equations of motion (7), we use the ansatz
where L and R refer to the left-and right moving modes respectively. Since the wave vectors k L and k R are null vectors, the equations of motion (7) for
are satisfied. We assume that the inner products between different coefficients vanish with the exception of
For the non-vanishing inner products, we use the matrix notation
The last equation in (7) then becomes
which makes it straightforward to integrate the equations of motion for
From (15) and (14) we obtain the angular momentum current density
The boundary condition says that no angular momentum must flow in or out of the endpoints of the string, which means that J 2 must vanish for σ = 0, π. This is equivalent to
and reduces the angular momentum charge density to
is the total angular momentum of the string. In the three-vector notation (12) for the symmetric spinors M n (AB) , the equal-time commutation relations (9) yields the commutation relations
It is well known that the space-time orbital angular momentum operator X µ P ν − X ν P µ solves the Lorentz algebra if X and P are conjugate variables. Correspondingly, we find that M 0 (AB) solves the Lorentz algebra (10) if the Hermitian matrices A µ and K µ obey the mixed commutation and anti-commutation relations
This follows directly from the expansion of the commutators:
, where i, j, k are the quaternion imaginary units jk = −kj = i. The z-component of the angular momentum operator becomes
Since Q 1 R 2 − Q 2 R 1 has only integral eigenvalues [5] , the same applies to J z . From (15) and (16) we obtain the space-time coordinates
which describe a standing wave.
Resolving Octonionic Hermitian matrices
The octonions [6] O is a non-commutative normed division algebra which is alternative, but not associative. An octonion z can be written as
x i e i , x i ∈ R, e 0 = 1, (e i ) 2 = −1,
where e i , i = 1, . . . , 7. are the seven anti-commuting imaginary units. Consider the tensor product T ≡ O ⊗ R Cl(2n, 2n, R) of the two R-algebras O and Cl(2n, 2n, R). Since O is non-commutative and non-associative and Cl(2n, 2n, R) is non-commutative and associative, their tensor product will be a non-commutative, non-associative R-algebra. We use the notation of section 1, and write the generating space of Cl(2n, 2n, R) as V R = span R (e i , e * j , f i , f * j ). The octonionic conjugation (19) and the complex conjugation (1) are both involutive antiautomorphisms and together they induce an involutive antiautomorphism on T through (z ⊗ u) * ≡ z * ⊗ u * , where we have taken the liberty of using the same symbol * for all conjugations.
In the foregoing we obtained scalars from the inner products u 1 •u * 2 of vectors in the generating space of the Clifford algebra by taking advantage of the fact that they are proportional to the unit 1. This is extended to T by
which defines the inner product between any pair of vectors in T relative to a given basis, and is independent of the choice of basis. When u 1 and u 2 belong to V R , we have u 1 • u * 2 = r1, r ∈ R, and (20) gives
In this case we may leave out ⊗1 and regard v 1 • v * 2 as the octonion z 1 z * 2 r. The matrix with components
is identically Hermitian. When all Clifford components belong to V R , it becomes an octonionic Hermitian matrix. The following proposition shows that any octonionic Hermitian matrix can be obtained in this manner: Let T ≡ O ⊗ R Cl(2n, 2n, R) be the tensor product of the two R-algebras O and Cl(2n, 2n, R) with an involutory antiautomorphism * inherited from both of them. Then the components of any n × n octonionic Hermitian matrix H can be expressed on the form (22) Proof. Consider the n vectors
where a ik and b ik are octonions. Then by use of (20) and (21), (22) becomes
We proceed by induction. Assume that equations (23) and (24) have been solved for 1 ≤ i ≤ j − 1. Then for i = j, equation (23) can be solved with respect to a jj or b jj so that at least one of them does not vanish. This solution will not contain a * j+m,j and b * j+m,j ; so for i = j, m = 1, . . . , n − j, equations (24) can be solved with respect to the one of them which has a non-vanishing accompanying factor a jj or b jj
Lorentz transformations
Applying the proposition above to a ten-dimensional Minkowski space, we get
where σ µ are the ten octonionic Hermitian Pauli matrices which can be chosen as
The determinant of an octonionic Hermitian matrix is well-defined
and as in four-dimensional Minkowski space, we have det(X) = x µ x µ where X is the octonionic Hermitian matrix with components
where S contains only octonions from a single complex subspace of O. Under a Lorentz transformation of c A , the coefficients in (25) transform according to
which makes
Manogue and Dray [8] found that the compatibility condition
between the spinor and vector representations is satisfied iff S contains only octonions from a single complex subspace and det(S) ∈ R. If therefore we assume that det(S) = ±1, (27) becomes
Note that there is no associativity ambiguity because the octonions are alternative: a(ba) = (ab)a and only one complex subspace is used in each transformation. The determinant of X ′ is [7] det(X ′ ) = det(S S † ) det(X), and since det(S S † ) = det(S) det(S) * = 1, it follows that det(X) is preserved and that (28) therefore generates a Lorentz transformation of x µ . Arbitrary finite Lorentz transformations are obtained by consecutive (nested) application of transformations corresponding to different complex subspaces [7, 8] .
When constructing an octonionic action, it is important that the real part of the contraction of two octonionic spinors is Lorentz invariant. Since the basic types of SO(1.9) transformations can be obtained from from a single transformation with det(S) = 1 or from two consecutive ones with det(S) = −1 [8] , we need
corresponding to the Lorentz transformation (26). When S lies in the complex subspace corresponding to e k , (29) is easily verified by using (e k e j )(e j e k ) = 1, k, j = 1, . . . , 7 and (e k e i )e j = e i (e j e k ) (= ∓1) when e k e i = ±e j . The direct octonionic generalization of the string action (3) is then
When the Clifford components of c and d belong to V R , the first two terms in the Lagrangian is the real part of an octonionic spinor contraction, and p AḂ is an octonionic Hermitian matrix. Consequently, the Lagrangian is preserved by the Lorentz transformation
A note on time
From (18) we obtain the average motion of the free string as x µ = x 0 µ + k µ τ 2 , which shows that there are two different measures of time involved in the description of the string: parameter time τ and coordinate time t = t 0 + k 0 τ 2 . In the point particle model [2] , parameter time could be absorbed into proper time by using the proportionality between Clifford brackets and conventional Poisson brackets. This is not possible in the string model, where the internal dynamics of the string is described in terms of parameter time, while the external dynamics (like inertial motion) is described in terms of coordinate time. Coordinate time has a minimum where parameter time starts to reproduce it for the second time. This may be seen as a consequence of the 2 → 1 homomorphism from the structure group SL(2.C) of Clifford space to the structure group SO(1.3) of space-time. In [4] we used this double homomorphism to argue that while quantum mechanics is non-local relative to space-time, it can be interpreted in terms of transition amplitudes as being local relative to Clifford space.
If a photon could be modeled as a Clifford string, we would expect its frequency to be defined in terms of parameter time τ and to remain fixed as long as the string is moving freely in a flat background. Externally, however, we measure its frequency in terms of coordinate time t corresponding to its inertial motion. If the photon is emitted at t emit and observed at t obs and the minimum of t is set at t = 0, we would observe a redshift of z ≡ f emit /f obsv − 1 = dτ dt (t emit) / dτ dt (t obsv) − 1 = t obsv /t emit − 1.
For a fixed time difference t obsv − t emit , this redshift decreases with increasing t emit corresponding to an earlier starting point of coordinate time. Consider an object with an observed redshift of z obsv , and assume that the redshift (30) contributes less than p · z obsv , 0 < p < 1 to the total redshift. Then we have t emit > (t obsv − t emit )/((1 + p · z obsv ) 2 − 1).
For small z obsv , we get t emit > (2pH) −1 where H is the Hubble constant. Hence, for small p the time of emission is greater than the Hubble time.
Conclusion
We have described the string in Clifford space by a canonical system of Weyl spinors with components in an infinite-dimensional split Clifford algebra. The classical system is unitarily equivalent to an infinite set of solutions to the classical equations of motion. The quantum system is obtained by replacing the classical abelian algebra with the Lorentz algebra derived from Poisson brackets for the corresponding Noether currents. We have extended the string model to octonionic Weyl spinors, so that it can accommodate not only four-, but also six-and ten-dimensional Minkowski space. This creates a direct relationship between the dimension of space-time and the normed division algebras.
